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APPROXIMATING NONABELIAN FREE GROUPS BY GROUPS
OF HOMEOMORPHISMS OF THE REAL LINE.
YASH LODHA
Abstract. We show that for a large class C of finitely generated groups of
orientation preserving homeomorphisms of the real line, the following holds:
Given a group G of rank k in C, there is a sequence of k-markings (G, Sn), n ∈
N whose limit in the space of marked groups is the free group of rank k with
the standard marking. The class we consider consists of groups that admit
actions satisfying mild dynamical conditions and a certain “self-similarity”
type hypothesis. Examples include Thompson’s group F , Higman-Thompson
groups, Stein-Thompson groups, various Bieri-Strebel groups, the golden ratio
Thompson group, and finitely presented non amenable groups of piecewise
projective homeomorphisms. For the case of Thompson’s group F we provide
a new and considerably simpler proof of this fact proved by Brin in [3].
1. Introduction
The group Homeo+(R) is the group of orientation preserving homeomorphisms
ofR. The study of this group and its subgroups is a topic that has received attention
in recent years (See [8] and [13], for instance). In this article we consider actions
of finitely generated groups on R by orientation preserving homeomorphisms that
satisfy the following:
(1) The action is minimal, i.e. the orbits are dense.
(2) The groups of germs at ±∞ are conjugate to a subgroup of the affine group.
(3) There exist elements f, g and real numbers r1 < r2 such that for each
x ∈ (−∞, r1), y ∈ (r2,∞) we have
x · f = x y · f 6= y x · g 6= x y · g = y
(4) There is a compact interval I such that the subgroup of elements that fix
each point in R \ I is finitely generated.
The class of groups that admit such actions satisfying the above shall be de-
noted by C. Groups in this family include Thompson’s group F ([5]), Higman-
Thompson groups Fn, Stein-Thompson groups ([14]), various Bieri-Strebel groups
([2]), the finitely presented nonamenable groups of piecewise projective homeomor-
phisms constructed by the author with Justin Moore ([12]), and Cleary’s “golden
ratio” Thompson group ([4]) among various other examples. Note that the standard
actions of many of these examples are prescribed as homeomorphisms of a compact
interval. However, these actions are easily seen to be topologically conjugate to
actions on the real line that satisfy the above.
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Recall the notion of the space of marked groups of rank m, denoted as Gm. This
consists of pairs (G,S) where G is a finitely generated group of rank m and S is
a finite ordered generating set for G of cardinality m. These are considered up
to equivalence by isomorphisms that preserve the generating set. The set Gm is
equipped with a natural metric. The marked groups (G1, S1) and (G2, S2) are e
−n
apart if n is the largest number such that the n-balls in the respective marked
Cayley graphs are isomorphic. This makes Gm a totally disconnected compact
metrizable space. This space was considered by Gromov in [10] in his celebrated
work on groups of polynomial growth. The space was first systematically studied
by Grigorchuk in [9].
It is natural to inquire about the closure properties of certain families of groups
(with varying markings) in this space. This can be done for certain classes (such as
free groups or hyperbolic groups, see [7] and [6]), or for an individual group with
varying markings. In this article we consider the latter and prove the following:
Theorem 1.1. Let G ∈ C be a group of rank k. Then there is a sequence of k-
markings (Sn)n∈N of G such that the nonabelian free group Fk with the standard
marking is the limit of (G,Sn)n∈N in Gk.
We remark that for the groups we consider, it is straightforward to find sequences
of marked subgroups that approximate the free group in this sense (see Lemma
3.1). However, the core difficulty in establishing Theorem 1.1 lies in finding the
appropriate markings of the group itself.
Also note that as a consequence of Theorem 1.1 it follows that there is a sequence
of 2-markings of Thompson’s group F which limits to the standard marking of F2.
This was proved by Brin in [3]. Brin’s proof is technically demanding and in part
computer assisted. We provide a new and considerably simpler proof of this fact.
For the convenience of the reader we prove this separately in Section 4.
2. Preliminaries
All actions in this paper will be right actions. Let I = R or a compact subin-
terval. Given an element g ∈ Homeo+(I), the support of g, or Supp(g), is defined
as the set {x ∈ I | x · g 6= x}. The set of fixed points of g that are accumulation
points of Supp(g) shall be denoted by Tran(g), or the set of transition points of g.
If G < Homeo+(R), then we define the groups of germs at ±∞ as follows. First
we define the groups
G+∞ = {g ∈ G | ∃r ∈ R, g fixes each point in (r,∞)}
G−∞ = {g ∈ G | ∃r ∈ R, g fixes each point in (−∞, r)}
The group of germs at ∞ is G/G+∞ and the group of germs at −∞ is G/G
−
∞.
Recall that in [11] we had defined the following notion. We define a group action
G < Homeo+(R) to be coherent if:
(1) The action is minimal, i.e. the orbits are dense.
(2) The groups of germs at ±∞ are solvable.
(3) There exist elements f, g and real numbers r1 < r2 such that for each
x ∈ (−∞, r1), y ∈ (r2,∞) we have
x · f = x y · f 6= y x · g 6= x y · g = y
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Hence the group actions described in the introduction that prescribe the defini-
tion of C satisfy the definition of a Coherent action. We recall the following Lemmas
that were proved in [11].
Lemma 2.1. Let G < Homeo+(R) be a coherent group action and let F denote
Thompson’s group F . Then there is a compact interval J and elements f, g ∈ G
such that
〈f, g〉 ∼= F Supp(f), Supp(g) ⊂ J
We remark that the above was shown in [11] without the additional condition
involving the compact interval J . To see that there is a copy of F supported on a
compact J , first assume that there is a copy of F in G supported on a non compact
interval. Then recall that F < F ′ = F ′′, and that the groups of germs of G at ±∞
are solvable.
Lemma 2.2. Let G < Homeo+(R) be a coherent group action. Then the following
holds.
(1) Let U1, U2 be compact intervals in R. Then there is a g ∈ G such that
U1 · g ⊂ U2.
(2) Let U1, U2, V1, V2 be compact intervals in R such that
sup(U1) < inf(U2) sup(V1) < inf(V2)
Then there is a g ∈ G such that U1 · g ⊂ V1 and U2 · g ⊂ V2.
3. Markings on groups in the class C
In this section we shall prove Theorem 1.1. Let G < Homeo+(R) be a group
action that satisfies conditions (1) − (4) prescribed in the introduction. We also
refer to the underlying group as G, which we assume has rank k. Note that since
topological conjugation does not affect the conditions, we can assume that the
interval I that witnesses condition (4) is [0, 1]. Let S = {f1, ..., fk} ⊂ G be a
generating set for G. Let Bn denote the n-ball of the Cayley graph of (G,S). The
subgroup of G consisting of elements that fix each point in R \ [0, 1] is denoted by
H and we fix a generating set {h1, ..., hm} for it. Let
hi = u
(i)
1 ...u
(i)
li
1 ≤ i ≤ m
be words in S (each u
(i)
j ∈ S ∪ S
−1).
Lemma 3.1. For each n ∈ N, there are elements α
(n)
1 , ..., α
(n)
k ∈ H
′ such that the
following holds. The n-ball of the Cayley graph of the group 〈α
(n)
1 , ..., α
(n)
k 〉 with the
given marking is isomorphic to the n-ball of Fk with the standard marking.
Proof. Recall from Lemma 2.1 that there is a compact interval J such that there
are elements f, g ∈ G whose supports lie in J and which generate a copy of Thomp-
son’s group F . From Lemma 2.2, we find h ∈ G such that J · h ⊂ [0, 1]. Then
h−1fh, h−1gh ∈ H generate a copy of F . Recall that Thompson’s group F does
not satisfy a law. It follows that the infinite direct product of copies of F contains
nonabelian free subgroups of each rank. Since finite direct sums of copies of F
embed in F ′, the following holds. There are elements α
(n)
1 , ..., α
(n)
k ∈ F
′ < H ′ that
have the desired property. 
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The existence of certain special elements in our group action will be crucial in
our proof. We say that an element f ∈ Homeo+(R) is J-special for a compact
interval J = [r1, r2] if:
(1) x · f = x for each x ∈ (−∞, r1].
(2) x · f > x for each x ∈ (r2,∞).
Lemma 3.2. For each compact interval I ⊂ R there is an I-special element f ∈ G.
Proof. At least one such element exists in G thanks to condition (3) prescribed in
the introduction. Let g be a I1-special element for some compact interval I1. Using
Lemma 2.2, we find an element g1 ∈ G such that I1 · g1 ⊂ I. Then g
−1
1 gg1 is the
required I-special element. 
Throughout the rest of the section we fix a [0, 12 ]-special element τ1 ∈ G and
a [1, 32 ]-special element τ2 ∈ G. We also refer to a choice of S-words representing
τ1, τ2 as τ1, τ2 respectively.
A set I ⊂ R which is a union of finitely many pairwise disjoint compact inter-
vals is said to be τ-compatible, if the following holds. Let p1, ..., pk be arbitrary
homeomorphisms with supports contained in I. Let τ ′1, τ
′
2 be the homeomorphisms
prescribed by the words obtained by replacing each occurrence of f±1i ∈ S ∪ S
−1
in τ1, τ2 by (pifi)
±1 for 1 ≤ i ≤ k. Then τ ′1 is also [0,
1
2 ]-special and τ
′
2 is also
[1, 32 ]-special. The following is a straightforward exercise involving uniform conti-
nuity and compactness, and we leave it for the reader. Note that one may choose
M1 >> 2 here.
Lemma 3.3. There is an M1 ∈ R such that for each compact interval J ⊂ (M1,∞)
there is an ε > 0 for which the following holds. Let I ⊂ J be a union of finitely
many compact intervals that are pairwise disjoint and of length at most ε. Then I
is τ-compatible.
Fix an M2 ∈ R such that for each 1 ≤ i ≤ m, 1 ≤ j ≤ li the following holds:
(1) ([M2 − 1,∞) · u
(i)
1 ...u
(i)
j ) ∩ [0, 2] = ∅.
(2) ([0, 2] · u
(i)
1 ...u
(i)
j ) ∩ [M2 − 1,∞) = ∅.
Recall that Bn is the ball of radius n in (G,S). We say that a compact interval J
is n-admissible if:
(1) The intervals in the set X = {J · f | f ∈ Bn} are pairwise disjoint and lie
in (M2,∞].
(2) The union of the intervals in X is τ -compatible.
(3) For each f, g ∈ Bn and J ∈ X , if J · f ∩ J · g 6= ∅ then f ↾ J = g ↾ J .
Lemma 3.4. For each n ∈ N, there exists a compact interval that is n-admissible.
Proof. Recall that the group of germs of G at ∞ is topologically conjugate to a
subgroup of the affine group, and that each non trivial affine transformation of the
real line has at most one fixed point in the real line. (Recall from the preliminaries
that Tran(f) is the set of transition points of f .) Hence the following is defined
M3 = Sup{Tran(f) | f ∈ B2n} <∞
Let x ∈ R be such that
X = {x · f | f ∈ Bn} ⊂ (M1,∞) ∩ (M2,∞) ∩ (M3,∞)
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Consider x1, x2 ∈ X , and two distinct elements f, g ∈ Bn such that
x1 · f = x1 · g = x2
Then fg−1 fixes x1. Since fg
−1 ∈ B2n from our hypothesis above it follows that
fg−1 must be the identity on a neighbourhood of x1. Hence the restriction of f, g
on a suitable neighbourhood of x1 is the same.
Condition (3) needs to be guaranteed for finitely many elements and intervals.
Hence using the above observation this can be settled by choosing a sufficiently
small compact interval containing x. Conditions (1), (2) can be further guaranteed
by choosing an even smaller interval if needed. For (2) one applies Lemma 3.3 to
the compact interval [inf(X), sup(X)]. It follows that a sufficiently small compact
interval containing x is n-admissible. 
Using Lemma 3.4, for each n ∈ N we find a compact interval In ⊂ R that is n-
admissible. Using Lemma 2.2, we can find an element g ∈ G such that [0, 1] ·g ⊂ In.
For each 1 ≤ i ≤ k, let
β
(n)
i = g
−1α
(n)
i g
We define the following equivalence relation on Bn. For f, g ∈ Bn, f ≡ g if
f ↾ In = g ↾ In. We choose a set of representatives for the equivalence classes and
denote it by B˜n ⊂ Bn.
For each 1 ≤ i ≤ k, we define
p
(n)
i =
∏
f∈B˜n
f−1β
(n)
i f s
(n)
i = p
(n)
i fi
Let Gn be the group generated by Sn = {s
(n)
1 , ..., s
(n)
k }.
Claim:
(1) The n-ball of the Cayley graph of (Gn, Sn) is isomorphic to the n-ball of
the free group Fk with the standard marking.
(2) Gn = G.
The first part of the claim is clear from the construction. The restriction of the
action of any freely reduced Sn-word of length at most n to the interval In will
be non trivial. We shall prove the second part. Note that Gn is a subgroup of G
by definition. It suffices to show that p
(n)
1 , ..., p
(n)
k ∈ Gn. This would imply that
f1, ..., fk ∈ Gn and hence Gn = G.
Let ν1, ν2 be the homeomorphisms prescribed by the words obtained by replacing
each occurrence of f±1i ∈ S ∪ S
−1 in τ1, τ2 by (p
(n)
i fi)
±1 for 1 ≤ i ≤ k. Since In
is n-admissible (and in particular τ -compatible), it follows that ν1 is [0,
1
2 ]-special
and ν2 is [1,
3
2 ]-special. Clearly, ν1, ν2 ∈ Gn.
Note that for a sufficiently large l ∈ N,
νl1p
(n)
i ν
−l
1 ∈ H
for each 1 ≤ i ≤ k.
Claim 1: νl1p
(n)
i ν
−l
1 ∈ H
′.
It suffices to show this for νl1β
(n)
i ν
−l
1 , since the same argument applies to each
of the conjugates of β
(n)
i whose product equals p
(n)
i . Recall that we had chosen
α
(n)
i ∈ H
′. Also recall that we had chosen an element g ∈ G such that [0, 1] · g ⊂ In
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and for each 1 ≤ i ≤ k we had let
β
(n)
i = g
−1α
(n)
i g
Since
[0, 1] · gν−l1 ⊂ [0, 1]
it follows that
νl1g
−1Hgν−l1 ⊆ H
Therefore
νl1g
−1H ′gν−l1 ⊆ H
′ νl1β
(n)
i ν
−l
1 ∈ H
′
This proves the claim. Thanks to Claim 1, we reduce the proof that p
(n)
1 , ..., p
(n)
k ∈
Gn to the following claim.
Claim 2: H ′ ⊂ Gn.
Recall that h1, ..., hm are words in S that generate the subgroupH . Let ζ1, ..., ζm ∈
Gn be the elements prescribed by the words obtained by replacing each occurrence
of f±1i ∈ S ∪ S
−1 in h1, ..., hm by (pifi)
±1 for 1 ≤ i ≤ k. By construction, since In
is n-admissible, the following is immediate for each 1 ≤ i ≤ m:
(1) ζi ↾ [0, 1] = hi ↾ [0, 1].
(2) There is a compact interval L ⊂ (2,∞) such that Supp(ζi) ⊂ [0, 1] ∪ L.
Consider a pair of elements g1, g2 ∈ H . Let α1, α2 ∈ Gn be the elements pre-
scribed by replacing the letters h±11 , ..., h
±1
m by ζ
±1
1 , ..., ζ
±1
m in the respective words
representing g1, g2. It follows that:
(1) α1 ↾ [0, 1] = g1 ↾ [0, 1] and α2 ↾ [0, 1] = g2 ↾ [0, 1].
(2) There is a compact interval L ⊂ (2,∞) such that
Supp(α1) ⊂ [0, 1] ∪ L Supp(α2) ⊂ [0, 1] ∪ L
For a sufficiently large l ∈ N, we obtain
[g1, g2] = [ν
l
2α1ν
−l
2 , α2] ∈ Gn
Since g1, g2 were arbitrary elements of H , we obtain that H
′ ⊂ Gn. This finishes
the proof.
4. The special case of Thompson’s group F
In this section we provide a short proof for the special case of Thompson’s group
F for the convenience of the reader. We denote the free group of rank 2 by F2, and
Thompson’s group F by F . Recall that F is isomorphic to the group of piecewise
linear homeomorphisms of R generated by
f1(t) = t+ 1 f2(t) =

t if t ≤ 0
2t if 0 ≤ t ≤ 1
t+ 1 if 1 ≤ t
In [3], the following was shown.
Theorem 4.1. (Brin) The free group of rank 2 is a limit of 2-markings of F .
We provide a new proof that avoids the considerable computations in [3].
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Proof. We consider two subgroups F1, F2 ≤ Homeo
+(R), both isomorphic to F . F1
is the group generated by f1, f2 defined above. F2 is the subgroup of F1 consisting
of all homeomorphisms in F1 that pointwise fix R \ [0, 1]. Note that the restriction
of F2 to [0, 1] is precisely the standard copy of F in PL
+[0, 1].
Recall that Thompson’s group F does not satisfy a law. It follows that the free
group of rank 2 embeds in an infinite direct product of copies of F . Since each
finite direct sum of copies of F embeds in F ′, the following is immediate. There
is a sequence (an, bn), n ∈ N of pairs of elements of F ′ such that the n-ball of the
Cayley graph of 〈an, bn〉 with respect to the generating set {an, bn} is isomorphic
to that of F2 with the standard marking. We identify an, bn with homeomorphisms
in F ′2.
Given an interval I = [k1, k2] with k1, k2 ∈ Z, we define pI,n, qI,n : R→ R as
pI,n(t) =
{
t if t /∈ I
t · f−k1 anf
k
1 if t ∈ [k, k + 1] ⊂ I, k ∈ Z
qI,n(t) =
{
t if t /∈ I
t · f−k1 bnf
k
1 if t ∈ [k, k + 1] ⊂ I, k ∈ Z
Furthermore, we define
gI,n = pI,nf1 hI,n = qI,nf2
Let
U = u1...ul1 V = v1...vl2
be words in {f1, f2, f
−1
1 , f
−1
2 } that generate the subgroup F2 ≤ F1. Fix an m ∈ N
such that for each 1 ≤ i ≤ l1, 1 ≤ j ≤ l2
([m− 1,∞) · u1...ui) ∩ [0, 2] = ∅ = ([m− 1,∞) · v1...vj) ∩ [0, 2]
and
([0, 2] · u1...ui) ∩ [m− 1,∞) = ∅ = ([0, 2] · v1...vj) ∩ [m− 1,∞)
For each n ∈ N, we fix an interval In = [m,m+2n+1]. For simplicity of notation,
we denote gIn,n, hIn,n as gn, hn, respectively and pIn,n, qIn,n as pn, qn respectively.
Claim: For each n ∈ N:
(1) The n-ball of the Cayley graph of 〈gn, hn〉 is isomorphic to the n-ball of F2
with the standard marking.
(2) The elements gn, hn generate F1.
The first part of the claim follows immediately from the definitions. To see this,
note that the action of any word in gn, hn of length at most n on the interval
[m+n,m+n+1] will mimic the action of the corresponding word in an, bn on [0, 1]
up to conjugation and post composition by integer translations.
We shall prove the second part. It suffices to show that pn, qn ∈ 〈gn, hn〉, since
gn = pnf1, hn = qnf2 and 〈f1, f2〉 = F1. Note that pn, qn can be conjugated inside
the group 〈gn, hn〉 (indeed by a power of hn) to elements whose closure of support
is properly contained in (0, 1), and hence lie in F ′2. Hence it suffices to show that
F ′2 ⊂ 〈gn, hn〉.
Let U1, V1 be words obtained by replacing occurrences of f1, f2, f
−1
1 , f
−1
2 in U, V
respectively by gn, hn, g
−1
n , h
−1
n . From our careful choice of m, it follows that there
is a compact interval J ⊂ R with inf(J) > 2 such that:
(1) For each w ∈ 〈U1, V1〉, Supp(w) ⊂ [0, 1] ∪ J .
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(2) The restrictions U1, V1 ↾ [0, 1] generate F2 ↾ [0, 1].
Therefore given an arbitrary commutator w ∈ F ′2, we can find w1, w2 ∈ 〈U1, V1〉
such that [w1, w2] ↾ [0, 1] = w. We will show that w ∈ 〈gn, hn〉. Let α = g−1n hngn.
Note that α ↾ [0, 1] = id and t · α > t for each t ∈ (1,∞). For a sufficiently large
k ∈ N it holds that
w = [αkw1α
−k, w2]
Therefore, w ∈ 〈gn, hn〉. Since w was an arbitrary commutator in F ′2, it follows that
F ′2 ⊂ 〈gn, hn〉 and so F1 = 〈gn, hn〉. Hence the required markings are (F, {gn, hn})
for n ∈ N. 
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